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1  Introduction
Growing concern about climate change has prompted the promotion of low-emission 
transport systems in modern societies. In this context, rail transport plays a pivotal role, 
providing a sustainable and efficient alternative for future mobility. The European Union 
(EU) is investing in the development of high-capacity, eco-efficient rail systems, as exem-
plified by initiatives such as Europe’s Rail Joint Undertaking (Eu-Rail 2022). Simultane-
ously, the EU is committed to enhancing cross-border interoperability and harmonizing 
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This study investigates maximum vertical acceleration patterns in highly skewed, 
multi-span railway bridges, focusing on Serviceability Limit State (SLS) performance 
under increasing operational speeds. A 3D finite element model of a representative 
Spanish high-speed girder bridge is employed, explicitly incorporating the ballasted 
track and weak coupling between spans. The dynamic response is assessed using three 
train excitation models of increasing complexity: the simple moving load model (TLM), 
a vehicle-bridge interaction (VBI) model, and the latter incorporating track irregulari‑
ties (VBI-η ). The influence of deck skewness, modal participation, and ballast degrada‑
tion at the simply-supported span interfaces is examined, along with a comparison 
to simplified analyses following code provisions. Quantitative results demonstrate 
that increasing deck skewness, from 90◦ to 134◦ , significantly reduces vertical accelera‑
tions by raising the first longitudinal bending and the first torsion frequencies, thus 
shifting prominent resonances outside the speed range of interest. While vehicle-
bridge interaction (VBI) generally reduces accelerations at high speeds, track irregulari‑
ties (VBI-η ) can notably influence the maximum response depending on the speed 
window. The weak coupling between simply-supported spans affects spatial accelera‑
tion distribution, with maximum responses increasing near the supports. Addition‑
ally, localized ballast degradation at span interfaces impacts local peak accelerations. 
Comparisons show that code-based simplified models consistently overestimate 
accelerations above 300 km/h. These findings provide critical data for SLS compliance 
and speed upgrade assessments in multi-span skewed bridges.
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technical standards among member states—measures that are essential to improving 
the integration, efficiency, and competitiveness of the European rail network. Within 
this framework, high-speed (HS) railway bridges represent critical assets of rail infra-
structure. It is well established that increases in circulating speed, vehicle axle loads, or 
variations in rolling stock axle spacing can induce significant vibrations in the deck plat-
form, potentially compromising both structural stability and passenger comfort (ERRI 
1999). Consequently, for speeds exceeding 200 km/h, the design of railway bridges—or 
their upgrading to accommodate new traffic conditions—requires dynamic analyses to 
verify serviceability in accordance with current regulations. In particular, EN 1990:2023 
A2 (CEN 2023) prescribes a vertical deck acceleration limit of 3.5 m/s² for ballasted 
track bridges and 5 m/s² for non-ballasted bridges in the design of new structures. This 
requirement is especially restrictive for bridges with short to moderate spans, where the 
main structural elements typically consist of simply supported beams or plates (Frỳba 
2004), making vertical acceleration one of the most stringent Serviceability Limit State 
(SLS) for traffic safety (Goicolea-Ruigómez 2007; Nasarre 2004).

The anticipated growth in railway transportation capacity, driven by sustainable 
mobility initiatives and interoperability efforts, has heightened the need for an accurate 
assessment of the dynamic compatibility between new or existing bridges and the roll-
ing stock. The dynamic problem under consideration is inherently complex, as bridge 
deck vibrations are influenced by multiple factors, including the coupled behavior of the 
superstructure (Bornet et al. 2015; Saramago et al. 2022; Stollwitzer et al. 2023; Sánchez-
Quesada et al. 2024)—comprising rails, ballast, and sleepers—the interaction with cir-
culating vehicles (Arvidsson and Karoumi 2014), track irregularities (Peixer et al. 2021), 
and the surrounding soil (Zangeneh et  al. 2018), among others. These effects are par-
ticularly pronounced in short- and skewed-span structures (Rocha et al. 2012). Account-
ing for these aspects typically requires complex, computationally intensive numerical 
analyses that depend heavily on the technical expertise of engineers. While existing 
design codes and regulations, such as the Eurocodes EN 1990:2023 A2, EN 1991-2:2024 
(CEN 2023, 2023), provide recommendations and guidelines, their applicability is often 
debated under evolving traffic conditions (Arvidsson and Karoumi 2014; Ferreira et al. 
2024; Museros et al. 2024). Although the modeling of railway bridge dynamic responses 
has advanced significantly over the past decades through increasingly sophisticated 
numerical approaches, evaluating the SLS for a large inventory of bridges—particularly 
for the approval of new train routes—remains a challenging task. Efficient and compu-
tationally streamlined models are therefore essential, with runtime cost being a critical 
consideration. Simple beam models have been widely used for dynamic analyses of rail-
way bridges (Frỳba 1999; Yang et al. 1997; Johansson et al. 2014), under the assumption 
that the vibratory response is dominated by longitudinal bending modes. The European 
Standard EN 1991-2:2024 (CEN 2023) supports this simplification for simple structures 
when the frequency of the first torsional mode exceeds 1.2 times that of the first longitu-
dinal bending mode.

However, oblique or skewed bridges are common in railway networks (Nguyen et al. 
2019). These structures exhibit coupled bending–torsional behavior, which can be par-
ticularly pronounced in multi-track bridges due to track eccentricity (Martínez-Rodrigo 
et  al. 2010; Galvín et  al. 2018), and in bridges of short-to-moderate spans, where the 
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span-to-width ratio approaches unity. Furthermore, bridges with open cross-sections 
(e.g., I-girder, T-beam, half-through, or U-type decks) typically have lower torsional 
stiffness compared to closed sections (e.g., box, U-girder decks, or voided slabs), often 
resulting in closely spaced bending and torsion natural frequencies—contrasting with 
the behavior of long beam-type viaducts (Galvín et al. 2021).

Scientific research still faces limitations in the comprehensive investigation of the 
dynamic performance of multi-span SS skewed bridges. Previous studies have primar-
ily focused on modal characterization and dynamic analyses under simplified train load 
models. Moreover, most related works have examined bridge decks with closed cross-
sections, which exhibit high torsional stiffness and minimal warping deformations 
(Nguyen et  al. 2019; Agarwal et  al. 2022). Only a few studies have integrated experi-
mentally updated, detailed 3D FE models with a VBI framework that simultaneously 
accounts for track irregularities and a realistic representation of the ballasted track, 
simulating the weak coupling between the adjacent spans. These limitations continue 
to hinder progress in developing efficient predictive methodologies and refining guide-
lines aimed at ensuring the safe and cost-effective design of new bridges, the accurate 
assessment and maintenance of existing structures, and the rational use of engineering 
resources.

The present study aims to conduct a comprehensive investigation of the maximum 
vertical acceleration patterns in highly skewed, multi-span railway bridges, which exhibit 
a pronounced coupled flexural–torsional response, and to assess their compliance with 
SLS requirements under increasing operational speeds. The research focuses on an 
existing girder bridge from the Spanish HS network, used as a representative case study. 
However, the main conclusions derived from this work may also be applicable to other 
deck configurations with behavior comparable to that of an isotropic or orthotropic 
plate, in which the dynamic response is mainly governed by global deformation modes 
(i.e. longitudinal and transverse bending, torsion). Other typologies require a specific 
study that falls outside the scope of this work and may be of interest for future research.

The primary objective of the research is to analyze the maximum acceleration response 
and its spatial distribution across the ballast platform by systematically expanding the 
speed window of interest. This approach provides a general and innovative perspective, 
offering key insights for speed upgrading scenarios. It also enables the identification of 
predominant modal contributions to the maximum response within each speed range 
and supports conclusions regarding the level of refinement required in numerical mod-
els to achieve accurate SLS assessments.

The analysis is carried out using an unusually detailed 3D FE model that explicitly 
represents the ballasted track through an anisotropic formulation, including the weak 
coupling zones between structurally independent spans. The study compares the maxi-
mum acceleration under both normative trains and real rolling stock models, employ-
ing three approaches of increasing complexity: the simple TLM, the VBI model, and 
the VBI model incorporating track irregularities. The influence of bridge skewness and 
flexural-torsional coupled behavior on the dynamic response is examined. Furthermore, 
the sensitivity to ballast degradation at the span interfaces—representing weakened 
coupling—is evaluated to assess its impact on the overall structural response. Finally, a 
critical comparison is performed with a simplified orthotropic plate analysis, following 
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Eurocode-based recommendations for the assessment of SLS in skewed bridges, in order 
to quantify the level of over-prediction inherent to the normative approach.

The remainder of the article is organized as follows. Section 2 presents the reference 
bridge description and its experimentally identified modal parameters. Section 3 details 
the formulation of the train–track–bridge FE model, while Sect. 4 describes the dynamic 
analysis methodology. The results, along with a comprehensive discussion, are presented 
in Sect. 5. Finally, the main conclusions of the study are summarized in Sect. 6.

2 � Railway bridge under study
In this section, the main geometric and dynamic characteristics of an existing railway 
bridge on the Madrid–Sevilla high-speed line in Spain are presented as a representa-
tive case study. The selected structure, built in the 1980 s (hereafter referred to as the 
Jabalón Bridge), consists of three identical SS spans of 24.9 m, crossing the Jabalón River 
at a skew angle of 134◦ (Fig.  1a). Each span comprises a double-track reinforced con-
crete slab 11.6 m wide, supported on five pre-stressed concrete I-girders, each 2.05 m in 
height. The girders rest on the supports—two outer reinforced concrete abutments and 
two inner wall piers—via laminated rubber bearings. The transverse displacement of the 
outer girders is additionally restrained by lateral bearings. At the supports, the ends of 
the I-girders are further braced by a transverse reinforced concrete beam of rectangular 
cross-section (Fig. 1b). A detailed description of the bridge dimensions and additional 
graphical information is provided in Sánchez-Quesada et al. (2024).

In May 2019, the authors conducted an experimental program to identify the modal 
parameters of the structure as well as the dynamic properties of the surrounding soil. 
Vertical accelerations beneath the longitudinal girders were measured under both ambi-
ent vibrations and operational conditions during several train passages. Due to acces-
sibility constraints, instrumentation was limited to one of the end spans. A detailed 
description of the experimental procedure is provided in Galvín et  al. (2021). From 
combined ambient and free vibrations after train passages, following the procedure 
described in Galvín et al. (2025), several natural frequencies below 30 Hz and their cor-
responding mode shapes were identified. These results are presented in Fig. 2.

From the identified mode shapes at the end span—including the first longitudinal 
bending, first torsion, first transverse bending, and additional coupled flexural–tor-
sional modes—it is evident that the structure exhibits a pronounced three-dimensional 

Fig. 1  Jabalón Bridge



Page 5 of 34Sánchez‑Quesada et al. Advances in Bridge Engineering            (2026) 7:28 	

behavior, distinct from the beam-type response typically observed in long viaducts. 
Dynamic tests on the surrounding soil allowed for the identification of the P-wave and 
S-wave velocities, revealing that the soil exhibits very high stiffness (Galvín et al. 2021).

3 � Train‑track‑bridge numerical model
This section describes the numerical model developed to predict the vertical accel-
eration levels of the Jabalón Bridge under operational conditions. The model features 
a detailed discretization of the ballasted track, which connects all three simply-sup-
ported spans. Railway-induced excitation is modeled using a vehicle–bridge interaction 
approach based on multi-body dynamics, in addition to the simple TLM. In this frame-
work, the bridge and vehicle subsystems are coupled through displacement relationships 
between the rails and wheels, assuming idealized, rigid contact.

3.1 � Track‑bridge FE model

A detailed linear elastic FE model of the bridge—including the three simply supported 
decks, the track superstructure (rails, ballast, sleepers, and rail pads), the elastomeric 
bearings at the supports, and the mass of additional non-structural elements (e.g., hand-
rails)—is implemented in ANSYS 2023 R1 (Fig.  3). The piers and abutments are not 
included, nor is the soil, which exhibits very high stiffness according to experimental 
measurements.

The structural components of the decks (slab, longitudinal, and transverse girders) are 
modeled using isotropic Reissner–Mindlin shell elements with four nodes (SHELL181) 
and six degrees of freedom (DOFs) per node, allowing accurate representation of the 
three-dimensional slab deformation while maintaining computational efficiency. Lami-
nated rubber bearings beneath the longitudinal girders are discretized with eight-node 
hexahedral solid elements (SOLID185), with dimensions obtained from technical draw-
ings (INTEMAC 1991), and are assigned three DOFs per node. The vertical displace-
ments of nodes on the lower surface of the bearings are constrained, fixed-support 
conditions. Horizontal bearings are represented using discrete one-dimensional spring 
elements (COMBIN14).

The ballast track constitutes a fundamental element in the transmission of forces 
from vehicle wheels to the bridge deck. Additionally, in bridges composed of mul-
tiple simply supported spans, a weak coupling develops between the spans due to 

Fig. 2  Natural frequencies and mode shapes experimentally identified in Jabalón Bridge
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the continuity of the track. In the scientific literature, specific computational tech-
niques, such as the discrete element method (DEM), are applied in geotechnics to 
study particular ballast-related problems arising from its granular nature, e.g., ballast 
settlement, breakage, degradation under cyclic loads, ballast–sleeper interaction, and 
lateral track resistance (Aela et  al. 2025; Khatibi et  al. 2017; Chen et  al. 2023; Guo 
et  al. 2020). However, applying DEM to large-scale structures or macro-scale prob-
lems, such as the assessment of the SLS in railway bridges, is computationally pro-
hibitive due to the excessive time required (Jia et al. 2023).

Consistent with previous research on railway bridge dynamics (Nguyen et al. 2012; 
Xiao et al. 2020; Saramago et al. 2022), a continuum-based approach for the ballast 
layer is adopted. The ballast volume is meshed with solid FE elements (SOLID185), as 
shown in Fig. 3. Two constitutive models are used: near the transverse joints between 
spans, a transversely isotropic material is assigned, while the remaining ballast vol-
ume is considered isotropic. This approach captures the distinct interlocking mecha-
nisms of ballast granules in the vertical and horizontal directions at the interfaces 
between the successive SS spans. Previous studies highlight the potential degradation 
of ballast mechanical properties in these transition regions due to cyclic movements 
induced by train passages (Ticona Melo et al. 2020; Bonifácio et al. 2014).

Additional key track elements, such as concrete sleepers, are also meshed with 
SOLID185 elements assuming isotropic behavior. Rails are modeled as Timoshenko 
beam elements with two nodes and six DOFs per node (BEAM188), improving accu-
racy at higher frequencies compared to Bernoulli–Euler elements. Rail pads are simu-
lated as one-directional discrete spring elements (COMBIN14) with constant vertical 
stiffness, connecting the relative vertical displacements between rails and sleepers. 
Non-structural elements, including handrails and sidewalks, are represented as addi-
tional masses distributed over their contributive regions.

Fig. 3  FE model of Jabalón Bridge
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To minimize boundary effects, the track extends 15m onto the embankment on both 
sides of the bridge. Convergence analysis on the numerical mode shapes verifies the ade-
quacy of this extension. In these regions, the track rests on a subgrade layer meshed with 
SOLID185 elements assuming isotropic behavior, and the nodes at the horizontal lower 
plane of this layer are restrained.

The FE model undergoes an automated updating procedure to reproduce the experi-
mentally identified natural frequencies and mode shapes. Model calibration involves 
two main steps. First, a preliminary sensitivity analysis identifies the parameters most 
influential on the natural frequencies and mode shapes, with initial values taken from 
technical drawings (INTEMAC 1991) and the literature. Second, the subset of relevant 
parameters is calibrated using a genetic algorithm. Further details on the track–bridge 
FE model and the updating procedure are provided in Sánchez-Quesada et al. (2024).

Table 1 summarizes the final (calibrated) parameter values. E and ν denote the elastic 
modulus and Poisson’s ratio of the various bridge components, respectively. For mass 
properties, ρ represents mass density, m the linearly distributed mass, and M the total 
mass. Iyr indicates the second moment of area of the UIC60 rail cross-section about the 
Y axis (see Fig. 3). For components modeled as linear springs (rail pads and horizontal 
bearings), K represents the adopted discrete stiffness. Sleeper dimensions—length ( lsl ), 
width ( wsl ), and height ( hsl)—are provided, with dsl denoting the distance between con-
secutive sleepers. Vertical bearing dimensions follow the same notation.

The total ballast thickness is hb + hsl/2 , admitted constant and uniform over the plat-
form, with hb beneath the sleepers. In the degraded ballast regions, the five independ-
ent elastic constants defining transversely isotropic behavior are included: EbX = EbY  
(in-plane elastic moduli), EbZ (out-of-plane elastic modulus), GbXZ = GbYZ (out-of-
plane shear moduli), and Poisson’s ratios νbXY  and νbXZ = νbYZ . The calibrated values 
in Table 1 show a reduction of in-plane elastic constants relative to EbZ . Finally, for the 
elastic bearings, Reb and Rebt are factors applied to the vertical and transverse bearing 
moduli under dynamic loading.

3.2 � Train excitation

In this study, railway excitation is introduced under two approaches: (i) the simple TLM 
approach, in which the vehicle axle loads are represented as point forces moving at con-
stant speed; and (ii) the VBI model, which represents the train as a three-dimensional 
multi-body system of rigid masses connected by linear springs and dampers. This lat-
ter approach allows capturing not only the inertial effects of the vehicle masses and the 
energy dissipation provided by the suspension systems, but also the dynamic interaction 
forces between the track and the vehicle arising from track irregularities.

Two types of trains are considered: articulated and regular. First, the normative High-
Speed Load Model A (HSLM-A) defined in the European Standard EN 1991-2:2024 for 
design purposes, which consists of ten articulated trains with varying axle loads and car-
riage lengths, intended to be an envelope of the effects of existing HS trains. In addition, 
two real trains that regularly operate on Jabalón Bridge line are analyzed: the articulated 
RENFE S100 and the regular RENFE S102 trains. The first real train is directly derived 
from the TGV Atlantique and consists of two power cars, each with two motorized 
bogies, along with eight passenger cars with shared bogies. The second train comprises 
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Table 1  Updated model parameters of Jabalón Bridge (Sánchez-Quesada et al. 2024)

Bridge component Notation Value Unit

Rail UIC60 Er 2.10 · 1011 Pa

Iyr 3038 · 10−8 m4

mr 60.34 kg/m

Rail pads Kp 1.00 · 108 N/m

Sleepers Esl 3.60 · 1010 Pa

νsl 0.3 -

wsl 0.30 m

lsl 2.60 m

hsl 0.24 m

Msl 320 kg

dsl 0.60 m

Ballast hb 0.35 m

Eb 5.70 · 107 Pa

νb 0.3 -

ρb 1700 kg/m3

Degraded ballast EbX = EbY 3.42 · 107 Pa

EbZ 5.46 · 107 Pa

GbYZ = GbXZ 1.33 · 107 Pa

νbXY=νbYX 0.3 -

νbXZ=νbYZ 0.3 -

ρb 1700 kg/m3

Subgrade Ef 9.00 · 107 Pa

νf 0.3 -

ρf 1800 kg/m3

Girders Eg 3.80 · 1010 Pa

νg 0.2 -

ρg 2645 kg/m3

Slabs Es 2.60 · 1010 Pa

νs 0.2 -

ρs 2698 kg/m3

Diaphragms Edph 2.60 · 1010 Pa

νdph 0.2 -

ρdph 2698 kg/m3

Handrails mh 50 kg/m

Sidewalks msw 195 kg/m

Vertical bearings Eeb 4.83 · 107 Pa

νeb 0.49 -

ρeb 1230 kg/m3

Reb 2.00 -

web 0.40 m

leb 0.33 m

heb 0.049 m

Horizontal bearings Keb 5.56 · 107 N/m

Rebt 2.00 -
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12 typical single-axle TALGO passenger coaches, modified to allow speeds of up to 330 
km/h, with power cars at each end. Both trains are currently used in Spanish high-speed 
services. Figure 4 provides a schematic representation of both, which exhibit symmetri-
cal axle load distributions.

The TLM axle loads and spacings can be found in EN 1991-2:2024 (CEN 2023) for the 
HSLM-A trains and in Sánchez-Quesada (2025) for the real trains. For clarity, these val-
ues are also provided in Appendix 1. Figure 5 presents front and side view schematics of 
the VBI model used in this work for the articulated trains (HSLM-A and RENFE S100), 
which represents car bodies, bogies, and wheelsets as rigid masses interconnected by 
spring-dashpot elements.

Each car body and bogie has three DOFs: vertical displacement ( zC and zBi , respec-
tively), rolling ( θCx  and θBix  ), and pitching ( θCy  and θBiy  ). Each wheelset has two DOFs: ver-
tical displacement ( zWi ) and rolling ( θWi

x  ). Power cars consist of a single car body and 
two independent bogies, totaling 17 DOFs each. Side cars feature one independent 
(non-articulated) bogie and share an articulated bogie with the adjacent carriage, while 
the remaining passenger cars share both bogies with neighboring carriages. The hinge 
between car bodies is modeled as a vertically stiff connection, coupling the vertical dis-
placement of each car body with the vertical and pitching motions of the preceding one.

The VBI model of the regular train RENFE S102 follows the same structure, with the 
difference that in the passenger carriages, each bogie has only two DOFs (vertical dis-
placement zBi and rolling θBix  ) and a single wheelset. A detailed description of the mass, 
damping, and stiffness matrices for both the articulated and regular train VBI models is 
provided in Sánchez-Quesada (2025). Appendix  2 provides the train matrices used in 
this work in closed form. Previous research provides further alternatives for deriving 
these matrices, such as utilizing commercial FE packages (Ferreira et al. 2024).

Fig. 4  Regular (RENFE S102) and articulated (HSLM-A & RENFE S100) trains. Initials P, S, C denote power, side, 
and central car, respectively

Fig. 5  VBI model sketch for articulated trains
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The mechanical parameters required to implement the VBI version of the HSLM-A 
trains are analogous to those included in Arvidsson et al. (2018); Ferreira et al. (2024). 
In Arvidsson et al. (2018), the authors develop a 2D multi-body model by adjusting 
the car body masses to match the axle loads of the ten trains (ranging from 17 to 21 
t/axle) and by tuning the primary and secondary suspension characteristics to repro-
duce realistic bounce frequencies. In Ferreira et al. (2024), additional parameters are 
introduced to extend the model to three dimensions. For the sake of completeness, 
the adopted values for the HSLM-A trains from these sources, as well as the mechani-
cal properties used for the real trains RENFE S102 and RENFE S100, are provided in 
Appendix 1.

3.3 � Track irregularities

In the VBI− η model track irregularities with wavelengths in the range [3− 25]m are 
considered to model the coupling between the wheelsets and the rails. This wavelength 
range corresponds to the D1 class defined in EN 13848-5:2017 (CEN 2018), since it is 
considered more relevant for running safety and structural assessment (Cantero et  al. 
2016). The irregularities are generated from the analytical power spectral density (PSD) 
functions of the vertical profile, SV (�) , and the cross level, SC(�) , as provided in Claus 
and Schiehlen (1998). They are defined according to

where � is the wavenumber (rad/m); �r , �c , and �s are the truncated frequen-
cies (rad/m); A is a roughness factor ( radm ); and lv is the distance between the rails 
(m). The same values adopted in Claus and Schiehlen (1998) are used in this study: 
�r = 0.0206 rad/m , �c = 0.8246 rad/m , �s = 0.4380 rad/m , A = 0.79305 · 10−6 radm , 
and lv = 1.435m . Next, the spatial samples representing the track irregularity profile are 
generated using the spectral representation method, with the function

where i = V ,C denotes the vertical alignment and the cross-level, respectively. �n are 
discrete spatial frequencies evenly spaced within the interval �L = 2π/25 rad/m and 
�U = 2π/3 rad/m . The sampling frequency is defined as �� = (�U −�L)/N  , with N 
representing the number of harmonics used to generate the irregularity profile. βn is a 
random phase angle uniformly distributed within the interval [0, 2π ] rad . Finally, the 
vertical irregularity profiles for the right and left rails ( ηr1(x) and ηr2(x) , respectively) are 
defined as

Figure 6 presents the track irregularity profiles considered in this study. The zero-to-
peak values of isolated defects along the longitudinal level remain below the interven-
tion alert limits specified in EN 13848-5:2017 (CEN 2018). The standard deviation of the 
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longitudinal level, calculated as (σ (ηr1)+ σ(ηr2))/2 , is 1.0142mm , which corresponds to 
a Type D track according to EN 13848-6:2014+A1:2020 (CEN 2020).

3.4 � Coupled equations of motion

The dynamic response of the bridge under train loads is computed by transforming the 
track–bridge FE equilibrium equations into modal space:

where Mb , Cb and Kb are the modal mass, damping and stiffness matrices, ξ is the vec-
tor of generalized coordinates; Fint denotes the wheel-rail interaction forces, and �r 
are the undamped mode shapes of the bridge model evaluated at the wheel–rail con-
tact points (superscript T denotes transpose) using FE interpolation. In this work, the 
undamped mode shapes are retrieved from ANSYS normalized to mass matrix. There-
fore, Mb corresponds to the identity matrix, Kb(j, j) = ω

2
j  is a diagonal matrix with ωj 

being the j–th natural frequency, and a viscous modal damping approach is admitted so 
that Cb(j, j) = 2ζj · ωj is also diagonal.

In the TLM train model, Fint represents the concentrated axle loads. The bridge 
response under operating conditions is obtained by solving the system of equations 
(Eq. 4) using the implicit Newmark-Beta integration scheme. Modal contributions up to 
30 Hz are included, according to EN 1990:2023 A2.

(4)Mb ·
¨ξ + Cb ·

˙ξ + Kb · ξ = −�r
T
· Fint

Fig. 6  Generated irregularity profiles: a Vertical profiles rV and cross levels rC ; b Vertical track irregularities for 
right and left rails, ηr1 and ηr2
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The VBI model for the train excitation requires the solution of two coupled systems of 
equations: those governing the response of the track-bridge system (Eq. 4) and the train 
dynamics, expressed as

where xv , xw are the DOFs of the car bodies/bogies and wheelsets, Pv and Pw their self-
weights, and Mi , Ci , Ki ( i = v,w ) are the corresponding direct mass, damping and stiff-
ness matrices, with Cvw and Kvw representing cross-coupling. The complete description 
of Eq. 5 can be consulted in Sánchez-Quesada (2025) and in Appendix 2. Finally, Eqs. 4 
and 5 are coupled via wheel–rail compatibility, assuming direct contact and considering 
only convective terms from track irregularities (Zhang et al. 2010; Guo et al. 2012). In 
virtue of the previous assumptions, the DOFs of each wheelset ( zWi , θWi

x  ) are related with 
the vertical displacements of the right and left rails zWi

r1  and zWi
r2  as follows,

where ηWi
rk  stands for the vertical irregularity profile at the contact point of each rail, as 

per Eq. 3. The vertical displacements of the rails at the contact points zWi
rk  are obtained by 

the superposition of Nmod mode shapes

where ψWi
rk ,j

 is the vertical amplitude associated to the j–th mode of vibration at the con-
tact point in each rail, which is obtained by FE using the element shape function Ne,Wi

rk  
between its nodal mode shapes ψ̆

e,Wi

rk ,j
 obtained from FE model.

Finally, extending Eqs. 6 and 7 to the Nw wheelsets of the passing trains, a coupled sys-
tem of equations that permits the calculation of the displacements of the bridge and the 
car bodies/bogies is obtained:

where � = T ·�r . The matrix T is the transformation matrix of Eq. 6 extended to the 
Nw wheelsets as follows,

(5)

[

Mv 0
0 Mw

]

·

[

ẍv
ẍw

]

+

[

Cv Cvw

CT
vw Cw

]

·

[

ẋv
ẋw

]

+

[

Kv Kvw

KT
vw Kw

]

·

[

xv
xw

]

=

[

Pv

Pw + Fint

]

(6)

(7)zWi
rk

=

Nmod
∑

j=1

(

ψ
Wi
rk ,j

· ξj

)

ψ
Wi
rk ,j

= N
e,Wi
rk

· ψ̆
e,Wi

rk ,j

(8)

[

Mv 0

0 Mb +�T
·Mw ·�

]

·

[

ẍv
¨ξ

]

+

[

Cv Cvw ·�

�T
· CT

vw Cb +�T
· Cw ·�

]

·

[

ẋv
˙ξ

]

+

[

Kv Kvw ·�

�T
· KT

vw Kb +�T
· Kw ·�

]

·

[

xv
ξ

]

=

[

Pt

�T
· Pb

]

(9)T = diagonal [TW1 T
W2 . . . T

Wi . . . T
WNw

]
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Matrix �r , previously introduced in Eq. 4, depends on the position of the train and 
therefore needs to be updated each time step. It is defined as,

Finally, vector Pb collects the dynamic interaction forces between the rails and the 
vehicles, which are zero if track irregularities are neglected, as well as the gravitational 
vertical loads of the wheelsets. In a similar way, vector Pt contains the gravity loads of 
the car bodies and bogies, as well as the dynamic interaction forces due to track irregu-
larities. They are defined as follows,

In the previous equations, η is a column vector that contains the vertical irregularity 
profile of the railway track at the contact points extended to the Nw wheelsets,

The nonlinear system of equations (Eq. 8) is also solved by direct numerical integra-
tion in the time domain using the Newmark-Beta implicit algorithm.

4 � Methodology
In the following section, the evolution of the bridge’s vertical acceleration response over 
the platform area is analyzed as the speed window is extended. The Jabalón Bridge FE 
model—updated using experimental measurements, as referenced in Sect. 3.1—is taken 
as the reference case. Several model configurations are considered, including straight 
and skewed variants, as well as single-span and three-span versions. Train excitation is 
represented through three different approaches: TLM, VBI and VBI–η.

The equations of motion are integrated in the time domain, considering the contri-
bution of modes below 30 Hz, according to the European Standard EN 1990:2023 A2. 
Modal damping ratios are assigned according to EN 1991-2:2024 (CEN 2023). For each 
train passage, the bridge response is computed at 25 post-processing points per span, 
uniformly distributed along the ballast platform. Uppercase letters A to E (see Fig.  7) 
denote points along the first span in the train direction, F to J those along the second 
span, and K to O those on the third and exit span of the viaduct. In the following anal-
ysis, axle loads are assumed to be evenly distributed along both rail lines, with trains 

(10)�r =


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(11)Pt = Pv − Cvw · T · η̇ − Kvw · T · η

(12)Pb = Pw −Mw · T · η̈ − Cw · T · η̇ − Kw · T · η

(13)η = column
[

ηW1 ηW2 . . . ηWi . . . ηWNw
]
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traveling at a constant speed. Regardless of the number of spans, the models always 
include the 15 m track extensions on either side of the bridge.

5 � Results
5.1 � Influence of the train model on the bridge vertical acceleration response

In this subsection, single-span, non-skewed versions of the Jabalón Bridge FE model are 
considered. Figure 8 illustrates six of the 19 normal mode shapes with frequencies below 
30 Hz that are accounted for in the subsequent dynamic analyses. Longitudinal bending, 
torsional, and transverse bending modes alternate as the frequency increases.

In Fig. 9a-c, the overall maximum vertical acceleration of the deck for the ten HSLM-A 
trains at each post-processing point is shown as the upper speed limit, Vlim , increases. To 
generate this plot, the bridge’s dynamic vertical response is computed for each train at 
multiple circulating speeds within the interval [144,Vlim] km/h, using a speed increment 
of �V = 3.6 km/h. As the speed window is progressively extended, new resonances are 
accommodated, which may contribute to the overall maximum vertical response. Sub-
figures (a), (b), and (c) correspond to the three excitation modeling strategies: TLM, VBI, 
and VBI-η , respectively. Only acceleration values exceeding 3.5 m/s² are highlighted in 
colour.

Finally, Fig. 9d shows the maximum acceleration envelope for the 25 post-processing 
points as a function of the upper speed limit Vlim . At very low speeds, there is no notice-
able difference in the response predictions among the three train models. When irreg-
ularities are neglected, vehicle-bridge interaction consistently results in lower bridge 

Fig. 7  Post-process points at each span

Fig. 8  Numerical mode shapes identified in single-span, straight ( β=90◦ ) model under 30 Hz
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accelerations. When irregularities are considered, the excitation model producing the 
overall maximum response may depend on the speed window and the irregularity pro-
file. It should be noted that track unevenness has a stochastic nature, and the results 
presented here correspond to a single realization. Therefore, a comprehensive statistical 
analysis would be required to rigorously quantify its effects. It should be also empha-
sized that only the overall maximum response is evaluated here. The influence of irregu-
larities near the supports is more pronounced, although the absolute response at these 
locations remains relatively low.

5.2 � Influence of the deck skewness on the bridge vertical response

Next, the effect of deck skewness on the maximum vertical acceleration is analyzed. In 
this section, the Jabalón Bridge model is still limited to a single span, with the angle β 
between the track longitudinal axis and the support line (see Fig. 7) defining the deck 
skewness; β = 90◦ corresponds to a straight deck. Figure 10 compares the vertical accel-
eration envelope under HSLM-A TLM trains for the straight and skewed ( β = 134◦ ) 
configurations. In the skewed case, 23 modes with natural frequencies below 30 Hz are 
included in the response integration.

The vertical acceleration of the bridge decreases with increasing skewness at all post-
processing points. This reduction is partly due to the increase in natural frequencies as 
the deck becomes skewed (Sánchez-Quesada et al. 2024). In this case, the first bending 

Fig. 9  Jabalón Bridge single-span model. Maximum acceleration under HSLM-A train passages vs. Vlim , under 
a TLM approach; b VBI and c VBI-η . d Maximum acceleration envelopes for the 25 post-process points
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and first torsional frequencies rise from 5.76 Hz to 6.07 Hz and from 7.60 Hz to 7.93 Hz, 
respectively. Since the resonant speeds are proportional to the bridge frequencies fi (i.e., 
VR
i,j =

fi·d
j  , where d is the train characteristic distance and j the resonance order), the cor-

responding resonant speeds increase proportionally. This effect is illustrated in Fig. 11, 
where the acceleration envelope at the 25 post-processing points is plotted against the 
upper speed limit for both straight and skewed decks, and for both the HSLM-A TLM 
and HSLM-A VBI models.

The overall maximum acceleration, considering all post-processing points, exhib-
its a similar trend as the speed window is extended. However, two effects can be 
observed: on the one hand, the plateaus that appear when certain mode resonances 
are reached shift to higher speeds for the different trains, reflecting the increase in 
natural frequencies. On the other hand, the overall maximum response decreases, 

Fig. 10  Jabalón Bridge single-span models. Maximum acceleration under HSLM-A, TLM trains for (a) straight 
β=90◦ and (b) skewed β=134◦ cases

Fig. 11  Jabalón Bridge single-span models. Vertical acceleration envelopes vs. Vlim under HSLM–A trains
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and the difference between the straight and skewed configurations becomes more 
pronounced as Vlim increases.

Finally, the influence of vehicle suspensions in the skewed case follows a similar 
pattern, consistently reducing the structural response, with a more significant effect 
at higher speeds. This behavior is expected because lower-order resonances occur at 
higher velocities, and resonance effects are most pronounced in these modes due to 
the lack of load-free cycles.

Next, the bridge in its skewed, single-span configuration is analyzed under the cir-
culation of the two real trains: RENFE S100 and RENFE S102. Figure 12a, c, e, show 
the maximum bridge acceleration under the RENFE S100 as the speed window is 

Fig. 12  Jabalón Bridge single-span β=134◦ model. Vertical acceleration under (a, c, e) S100 and (b, d, f) S102 
trains. a, b for TLM excitacion model, c, d for VBI and e, f for VBI-η
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extended, obtained using the TLM, VBI, and VBI-η excitation models, respectively. 
Figure 12b, d, f present the corresponding plots for RENFE S102.

As can be seen in Fig. 12a, c, e the circulation of the RENFE S100 induces an overall 
maximum response of the bridge at the mid-span external border (point C1). For a bet-
ter interpretation of this result, Fig. 13a shows the maximum acceleration at C1 for each 
train speed. The distance between shared bogies of RENFE S100 is 18.7 m, a character-
istic length that governs the most significant peaks in the bridge’s vertical response. The 
first and second resonances of the fundamental longitudinal mode theoretically occur at 
VR
1,1 = 408.6 km/h and VR

1,2 = 204.3 km/h , respectively, and are clearly visible in Fig. 13a. 
Additionally, the second resonance of the first torsional mode is excited by this train at 
VR
2,2 = 266.98 km/h , causing an increase in the response at the deck edges (points C1 

and C5), as can be observed in Fig. 12a, c, e and in the peak around 267 km/h shown in 
Fig. 13a.

It is also worth noting that the second longitudinal bending frequency of the Jabalón 
Bridge single-span model is 17.97Hz , still below the 30Hz frequency limit, and is there-
fore included in the analysis. The third resonance of this mode is excited by RENFE S100 
at VR

X ,3 = 403.16 km/h and explains the increase in response at the quarter- and three-
quarter-span points (points Bi and Di ) at speeds of 400 km/h and above in Fig. 12a, c, e.

The circulation of RENFE S102 induces overall maximum responses at the mid-span 
border C5, according to Fig. 12b, d, f. Again, the evolution of the acceleration levels at 
the critical point C5 with the speed are presented in Fig. 13b. S102 is a conventional train 
with shared axles spaced 13.14m apart. Due to this relatively short characteristic dis-
tance, typical of TALGO trains, resonances of the first modes are excited at much lower 
speeds. In particular, the first resonance of the fundamental mode occurs at approxi-
mately 287.1 km/h . Beyond this speed, only a slight amplification at the mid-span border 
(C5) is observed, resulting from the first resonance of the first torsional mode, which 
occurs near 375 km/h.

Finally, Fig. 14 depicts the envelopes of maximum acceleration for all post-processing 
points as a function of Vlim for both trains. Regarding the excitation models, vehicle-
bridge interaction plays a minor role in both cases. Its effect is only noticeable at reso-
nance and consistently results in lower deck accelerations. As for the influence of track 

Fig. 13  Jabalón Bridge single-span span β=134◦ model. Vertical acceleration in the span edges vs. train 
speed (V) under (a) S100 and (b) S102 trains
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irregularities, at moderate speeds, the response predicted by the VBI-η model slightly 
exceeds that of TLM; however, at the most prominent resonances, TLM predictions 
remain conservative for this particular track unevenness realization.

5.3 � Influence of the weak span connection on the bridge vertical response

In this section, the train-induced vibrational response of the Jabalón Bridge is evalu-
ated using the full three-span skewed calibrated model described in Sect. 3.1. Particular 
attention is given to the weak connection between the side spans and its influence on the 
deck’s vertical acceleration. The spans are connected primarily through the continuous 
rails and the ballast, which is modeled as a transversely isotropic elastic material in the 
vicinity of the joints. In the following analysis, the degraded stiffness of the ballast con-
nection is reduced relative to the calibrated or nominal values reported in Table 1. To 
this end, EbX = EbY  and EbZ(hereafter EbD ) and GbXY  , GbXZ = GbYZ (hereafter GbDD ) are 
progressively decreased.

Figure 15 shows the maximum vertical acceleration under the passage of the HSLM-
A10 train at two points in each of the first (a)-(b), second (c)-(d), and third (e)-(f ) spans. 
In the left-hand plots, two prominent peaks corresponding to the second and third reso-
nances of the fundamental mode ( f1 = 6.086Hz in the reference case) are observed near 
295 km/h and 197 km/h . The first resonance of the fundamental mode is not reached 
with this train under 450 km/h due to its long characteristic distance ( dk = 27m ). In the 
right-hand plots, representing the deck edge, two additional peaks appear near 380 km/h 
and 250 km/h , associated with the second and third resonances of a torsional mode.

The response of the reference three-span model is shown as a continuous thick black 
line. The model is then modified by softening the degraded ballast properties, and the 
recalculated response is superimposed. The case with maximum material relaxation 
( EbD/25 , GbDD/25 ) is plotted as a dashed black line.

It can be observed that the effect of softening the degraded ballast regions is very 
limited outside resonance. Resonant velocities shift slightly lower and the corre-
sponding peaks move to the left due to reductions in the bending and torsion fre-
quencies. Changes in peak amplitude at resonance do not always follow a consistent 
trend; this depends on the amplitude of free vibrations induced by individual axle 
loads as they exit the bridge for the particular mode and resonant speed. Figure 16 

Fig. 14  Jabalón Bridge single-span β=134◦ model. Vertical acceleration envelopes vs. maximum train speed 
( Vlim ) under (a) RENFE S100 and (b) RENFE S102 trains
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shows the overall maximum acceleration for the ten HSLM-A trains at the 75 post-
processing points distributed over the three spans, as a function of the upper speed 
limit Vlim . Figure 16a corresponds to the original model, while Fig. 16b represents the 
model with the highest degree of span disconnection ( EbD/25 , GbDD/25 ). In general, 
the maximum response on the supports increases with relaxation of the elastic prop-
erties of the degraded ballast. However, away from the supports, as the connection 
between spans weakens, the response tends to increase in the first and third spans 
and decrease in the central span, particularly at higher speeds.

Fig. 15  Maximum acceleration in Jabalón Bridge complete under HLSM-A10 TLM train. Effect of reducing 
degraded ballast elastic properties. EbD refers to the ballast elastic properties EbX = EbY and EbZ , while GbDD to 
the ballast shear properties GbXY , GbXZ = GbYZ
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Finally, Fig. 17a, b, and c show the envelopes of maximum acceleration for all trains 
and all post-processing points as a function of Vlim in each of the three spans. In the cen-
tral span, the overall maximum response is always predicted by the reference (nominal) 
model, with the stiffest connection to the exterior spans. For external spans, the model 
that produces the maximum acceleration depends on the speed window. Nevertheless, 
at higher speeds, the softer models yield the highest responses, consistent with the pre-
vious observations.

5.4 � Bridge vertical acceleration prediction according to codes

In this section, the maximum bridge response predicted numerically using the 3D 
FE model in two of its variants is compared with the results of a normative analysis. 

Fig. 16  Jabalón Bridge tree-span, β=134◦ model. Vertical acceleration under HSLM-A TLM trains. a Degraded 
ballast nominal properties: EbD , GbDD ; b degraded ballast softened properties: EbD/25 , GbDD/25



Page 22 of 34Sánchez‑Quesada et al. Advances in Bridge Engineering            (2026) 7:28 

According to Sect.  8.4.4 of Eurocode 1 (CEN 2023), due to the design speed and the 
pronounced deck skewness, an explicit dynamic analysis is required, considering the 
contribution of 3D modes. Accordingly, the bridge is also analyzed using a standard 
consultancy model, which is significantly less detailed than the one implemented in 
this study. The features of this simplified model are as follows: (i) only one deck, is rep-
resented as an orthotropic, skewed plate simply-supported along the end sections; (ii) 
model properties correspond to the nominal values derived from the project technical 
drawings; (iii) axle loads are distributed between two load lines along the rail axes; (iv) 
the track is not explicitly modeled, with its weight uniformly distributed over the bal-
last area; (v) axle loads are longitudinally distributed over three rail supports accord-
ing to Sect. 8.3.6.2; and (vi) modal contributions up to 30 Hz are considered, with the 
prescribed normative damping being applied. The vertical response is again obtained 
through modal superposition of the normal modes, with the modal equations integrated 
in the time domain and the results post-processed at the same 25 points uniformly dis-
tributed over the platform area.

Table 2 presents the frequencies of the first longitudinal bending (LB), first torsional 
(T), and first transverse bending (TB) modes of the Jabalón Bridge, as experimen-
tally identified and as predicted by the orthotropic plate model and the 3D FE skewed 

Fig. 17  Jabalón Bridge tree-span, β=134◦ model. Vertical acceleration envelopes at the (a) first, (b) second 
and (c) third span vs. Vlim under HSLM-A trains

Table 2  Jabalón Bridge first longitudinal bending (LB), first torsion (T) and first transverse bending 
(TB) frequencies: experimental identification, normative model and numerical 3D FE predictions

Jabalón Br. Experim. EC1 Orth. plate 3D FE 134◦ single-sp 3D FE 134◦ tree-sp
Mode fi (Hz) fi (Hz) fi (Hz) fi (Hz)

LB 6.3 6.3 6.1 6.1

T 7.2 7.0 7.9 7.4

TB 9.3 9.5 10.4 9.9
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single-span and three-span models. It should be noted that in the latter model, multiple 
torsional modes appear within the frequency range [7.4–9] Hz.

Figure 18 shows the maximum acceleration envelope for the 25 post-processing points 
as the upper limit of the speed window, Vlim , is increased. Black, red, and blue lines 
correspond to the orthotropic plate normative model, the full 3D three-span skewed 
FE model, and the corresponding single-span FE model, respectively. In all cases, the 
response is computed under the circulation of HSLM-A trains. For both FE models, 
results for TLM and VBI-η excitation are provided.

In general, for any speed range, the code-based model is overly conservative, leading 
to predictions of cumulative acceleration close to twice those obtained with detailed 
models. The significance of this phenomenon increases as the maximum speed of inter-
est rises, since the predicted acceleration levels are higher. In this regard, when a code-
based model is applied, the analyzed structure would exceed the acceleration limit of 3.5 
m/s² at approximately 270 km/h, whereas if the structure is analyzed using a detailed 
model, this threshold could increase up to 350 km/h. This phenomenon is closely related 
to the axle load distribution assumed in each case. The longitudinal load distribution per 
axle adopted in the code-based model (distributed over three sleepers) is much more 
severe than in the 3D track model, where a more realistic load distribution occurs due to 
the inclusion of the flexibility of the rail, rail pad, and ballast layer.

6 � Conclusions
This study evaluates the SLS compliance of skewed multi-girder railway bridges with 
weakly connected spans under speed upgrading scenarios. By progressively extend-
ing the operational speed window, the research focuses specifically on the impact of 
deck skewness and the choice of railway excitation model. The SLS response depends 
on specific speed thresholds at which different physical mechanisms and modeling 

Fig. 18  Jabalón Bridge vertical acceleration envelopes vs. Vlim under HSLM-A trains. Full 3D three-span FE 
model and single-span orthotropic plate normative analyses
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requirements become dominant. Based on the analysis, the following conclusions are 
drawn.

At very low speeds, no significant differences are observed in the bridge response 
between the three train models considered since the dynamic response is primarily 
quasi-static. As expected, the structure under study consistently fulfills SLS require-
ments since it is designed for high-speed. As speeds transition into the high-speed range 
(200–300 km/h), deck skewness emerges as a critical control factor and is beneficial for 
SLS compliance, since the maximum acceleration itself tends to decrease with skewness. 
This effect is partially related to the increase in natural frequencies as the deck becomes 
skewed, which raises the resonant speeds and, in some cases, moves potential resonance 
peaks outside the typical operational window for current rolling stock. In the particular 
bridge assessed in this study, increasing the skew angle from 90◦ to 134◦ raises the first 
longitudinal bending frequency from 5.75 Hz to 6.3 Hz and the first torsional frequency 
from 7.59 Hz to 7.93 Hz. Track irregularities become also a potential key factor, increas-
ing the variability of the response. However, due to the stochastic nature of the track 
unevenness a rigorous statistical analysis would be necessary to accurately quantify its 
effects.

For very high-speed scenarios (exceeding 300 km/h), the assessment of SLS compli-
ance becomes significantly more complex, and a series of key factors acquire particu-
lar relevance. VBI effects may have a more pronounce effect leading to lower structural 
responses. This is expected as lower-order resonances occur at higher velocities, and res-
onance-induced effects are more evident in these cases due to the absence of load-free 
cycles. Additionally, the uncertainties derived from the inclusion of track irregularities 
also play a role, entailing potential amplification margins on the maximum acceleration 
response when compared to perfect track conservation situations. Furthermore, the 
structural behavior is influenced by the weak coupling exerted by the ballast between 
spans and affects the spatial acceleration distribution across the bridge deck. The maxi-
mum structural response increases close to the span supports when the elastic proper-
ties of the ballast at span interfaces are relaxed. However, away from the supports, as 
the connection between spans weakens, the response tends to increase in the initial and 
final spans and decrease in the central span.

Finally, analyses conducted according to code provisions using a SS skewed ortho-
tropic plate tend to overestimate the maximum acceleration, especially when the maxi-
mum speed of interest exceeds 300 km/h. This is partly related to the normative axle 
load distribution over three sleeper supports, which may be too conservative. Therefore, 
for advanced speed upgrading scenarios, simulating the axle load distribution of the bal-
last and the specific state of the track is recommended to ensure both safety and the 
rational use of infrastructure resources.

It is expected that the conclusions derived from this work are also applicable to other 
typologies with behavior comparable to that of an isotropic or orthotropic plate (solid 
and voided slabs, pseudo-slabs, etc.), in which the dynamic response is mainly governed 
by global deformation modes (longitudinal and transverse bending, torsion). Other 
typologies require a specific study that falls outside the scope of this work and may be of 
interest for future research.
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Appendix
1 Train model parameters

Table 3  Axle loads an distances in the TLM model of trains HSLM-A, RENFE S100 and RENFE S102
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Table 4  VBI model parameters for the HSLM-A trains (suspension properties per spring-dashpot unit)
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Table 5  VBI model parameters for RENFE S102 and RENFE S100 trains (suspension properties per 
spring–dashpot unit)

2 Train matrices

In the following, the matrices of the articulated and regular trains that define Eq. 5 are 
presented. All trains consist of two power cars and n passenger carriages, arranged as 
n− 2 central cars and two side cars (see Fig. 19). The spacing between shared bogies 
is constant for all central carriages and is denoted as 2 · d2 , allowing for a more com-
pact formulation. In the side cars, the distance between the independent bogie and 
the first shared bogie is 2 · dS . For convenience, the passenger carriages are assigned 
a compact numbering scheme in the matrix equations, from A 1 to A n , with A 1 repre-
senting the first side car and A n the last one.

Fig. 19  Articulated train composed by 11 bogies and 6 articulated carriages: 2 power-cars, 2 side-cars and 4 
central-cars

Due to the presence of the hinge between passenger cars, the vertical displacement 
zC of all the n− 1 car bodies in the passenger carriages are dependent DOFs, which 
are related to those of the first side car (vehicle A 1 ) and to the pitching movements θCy  
of the preceding vehicles as follows:
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Therefore, the vector that contains the independent DOFs of the car bodies and bogies of 
the articulated trains, xv , is

xP , xA1 and xAi refer to the independent DOFs that belong to the power car, first side car and 
the remaining side cars, respectively. Therefore, they are defined as provided in what follows:

In Eqs.  14, 16, 17, 18, the DOFs associated to vertical displacements of carbodies and 
bogies ( zC and zBi , respectively), rolling ( θCx  and θBix  ), and pitching ( θCy  and θBiy  ) are accom-
panied by an additional subindex x = P,A1,Ai , which refers to the type of vehicle (power, 
first side car and remaining side cars). This additional subindex is also used throughout this 
appendix to refer the suspension properties of the trains provided in Tables 4 and 5.

The vector that contains the DOFs of the wheelsets xw is defined as

For regular trains, the DOFs associated to pitching movements of the bogies in the pas-
senger carriages, θB1y  and θB2y  , vanish in Eqs. 17 and 18.

The mass matrix Mv of Eq. 5 for articulated trains is presented in Eq. 20, and its sub-
matrices are depicted in equations Eqs. 21 to 26.

(14)zCAi
=

{

zCA1
+ dS · θ

C
y,A1

+

∑i−1
j=2

[

2d2 · θ
C
y,Aj

]

+ d2 · θ
C
y,Ai

2 ≤ i < n

zCA1
+ dS · θ

C
y,A1

+

∑n−1
j=2

[

2d2 · θ
C
y,Aj

]

+ dS · θ
C
y,An

i = n

(15)xv = column
[

xP xA1 . . . xAi . . . xAn xP
]

(16)xP
=

[

zCP θ
C
x,P θ

C
y,P zB1P θ

B1
x,P θ

B1
y,P zB2P θ

B2
x,P θ

B2
y,P

]T

(17)xA1
=

[

zCA1
θ
C
x,A1

θ
C
y,A1

zB1A1
θ
B1
x,A1

θ
B1
y,A1

zB2A1
θ
B2
x,A1

θ
B2
y,A1

]T

(18)xAi
=

[

θ
C
x,Ai

θ
C
y,Ai

zB2Ai
θ
B2
x,Ai

θ
B2
y,Ai

]T
i �= 1

(19)xw = column
[

xW1 xW2 . . . xWi . . . xWNw
]

, xWi
=

[

zWi θ
Wi
x

]T

(20)Mv = diag
[

MP
v MA

v MP
v

]

(21)
MP

v =diag
[

MP
C

MP
B

MP
B

]

MP
C
=diag

[

mC
P ICx,P ICy,P

]

MP
B
= diag

[

mB
P IBx,P IBy,P

]

(22)MA
v =























M
A1,A1
v sym.

M
A2,A1
v M

A2,A2
v

...
...

. . .

M
Ai,A1
v M

Ai,A2
v . . . M

Ai,Ai
v

...
...

...
. . .

M
An,A1
v M

An,A2
v . . . M

An,Ai
v . . . M

An,An
v






















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For regular trains, due to the absence of the pitching DOFs in the bogies of the pas-
senger carriages ( θB1y  and θB2y  ), the mass matrix MA

v  shown in Eq. 22 must be modified 
removing the columns associated with the aforementioned DOFs as well as the cor-
responding rows.

The mass matrix Mw of Eq.  5 is described in what follows (Eq.  27), where Nw is 
the number of wheelsets of the train. This expression is valid for both articulated and 
regular trains.

The stiffness matrix Kv of articulated trains is presented in Eqs. 28 to 34.

(23)

MA1,A1
v =diag

�

MA1
C

MA1
B

MA1
B

�

MA1
C

=







�n
i=1m

C
Ai

sym.

0 ICx,A1

dS
�n

i=2m
C
Ai

0 ICy,A1
+ d2S

�n
i=2m

C
Ai







MA1
B

=diag
�

mB
A1

IBx,A1
IBy,A1

�

(24)

i  =1

Mv
Ai,Ai

=diag
[

MAi
C

MAi
B

]

MAi
C

=diag
[

ICx,Ai
MAi

C(2,2)

]

MAi
B

= diag
[

mB
Ai

IBx,Ai
IBy,Ai

]

MAi
C(2,2) =

{

ICy,Ai
+ d22m

C
Ai

+ 4d22
∑n

j=i+1m
C
Aj

i < n

ICy,An
+ d2Sm

C
An

i = n

(25)

i  =1

Mv
A1,Ai

=diag
�

MA1,Ai
C

[0B 0B]T
�

MA1,Ai
C

=





0 MA1,Ai
C(1,2)

0 0

0 ds ·MA1,Ai
C(1,2)



 0
B
= 0

3×3

MA1,Ai
C(1,2) =

�

d2m
C
Ai

+ 2d2
�n

j=i+1m
C
Aj

i < n

dSm
C
An

i = n

(26)

i  =1 ∧ j > i

M
Ai,Aj
v =diag

[

M
Ai,Aj
C 0B

]

MAi,Aj
C

=

[

0 0

0 M
Ai,Aj
C(2,2)

]

M
Ai,Aj
C(2,2) =

{

2d22m
C
Aj

+ 4d22
∑n

k=j+1m
C
Ak

j < n

2d2dSm
C
An

j = n

(27)Mw = diag
[

MW1
. . . MWi

. . . MWNw

]

, MWi
=

[

mWi 0

0 IWi
x

]

(28)Kv = diag
[

KP
v KA

v KP
v

]
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(29)

KP
v =







KP
C

sym.

KP
C ,B1

KP
B1

KP
C ,B2

0 KP
B2






KP

C
=





4kz2,P sym.

0 4kz2,P · b2,P
2

0 0 d2P4kz2,P





KP
B1

=KP
B2

=













2kz2,P
+4kz1,P

sym.

0
2kz2,P · b

2
2,P

+4kz1,P · b
2
1,P

0 0 4kz1,P · d
2
1,P













KP
C ,Bj

=





−2kz2,P 0 −(−1)jdP2kz2,P
0 −2kz2,P · b

2
2,P 0

0 0 0



 j = {1, 2}

(30)KA
v =























K
A1,A1
v sym.

K
A2,A1
v K

A2,A2
v

...
...

. . .

K
Ai,A1
v K

Ai,A2
v . . . K

Ai,Ai
v

...
...

...
. . .

K
An,A1
v K

An,A2
v . . . K

An,Ai
v . . . K

An,An
v























(31)

Kv
A1,A1

=







KA1,A1
C

sym.

KA1,A1
C ,B1

KA1,A1
B1

KA1,A1
C ,B2

0 KA1,A1
B2







KA1,A1
C

=

















4kz2,A1

+

�n
j=2 2kz2,Aj

sym.

0 4kz2,A1
· b2,A1

2

dS
�n

j=2 2kz2,Aj
0

d2S4kz2,A1

+d2S
�n

j=2 2kz2,Aj

















KA1,A1
B1

= KA1,A1
B2

=

















2kz2,A1

+4kz1,A1

sym.

0
2kz2,A1

· b2
2,A1

+4kz1,A1
· b2

1,A1

0 0 4kz1,A1
· d2

1,A1

















KA1,A1
C ,Bj

=







−2kz2,A1
0 −(−1)jdS2kz2,A1

0 −2kz2,A1
· b2

2,A1
0

0 0 0






j = {1, 2}

(32)

i  =1

KAi,Ai
v =





















2kz2,Ai
· b22,Ai

sym.

0 KAi,Ai
v(2,2)

0 KAi,Ai
v(3,2)

2kz2,Ai

+4kz1,Ai

−2kz2,Ai
· b22,Ai

0 0
2kz2,Ai

· b22,Ai

+4kz1,Ai
· b21,Ai

0 0 0 0 4kz1,Ai





















KAi,Ai
v(2,2) =

�

4d22
�n

i 2kz2,Ai
i < n

4d2S2kz2,An
i = n

KAi,Ai
v(3,2) =

�

−4d2kz2,Ai
i < n

−4dSkz2,An
i = n
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Again, for regular trains, due to the absence of pitching DOFs in the bogies of the passen-
ger carriages, the stiffness matrix KA

v  shown in Eq. 30 must be modified removing the col-
umns associated with the aforementioned DOFs as well as the corresponding rows. 
Furthermore, due to the presence of only one wheelset per bogie instead of two as in the 
articulated compositions, in matrices KA1,A1

Bj  (Eq.  31) and KAi,Ai
v  (Eq.  32) parameter kz1 

should be divided by 2.
Kvw matrix is described in Eqs. 35 to 38.

(33)

i  =1

KA1,Ai
v =

�

KA1,Ai
C

0K
�T

KA1,Ai
C

=











0 0 0 0

KA1,Ai
C(2,1) 0 KA1,Ai

C(2,2) 0

−2kz2,Ai
0 −dS2kz2,Ai

0
0 0 0 0
0 0 0 0











0
K
= 0

5×5

KA1,Ai
C(2,1) =

�

2d2
�n

i 2kz2,Ai
i < n

2dS2kz2,An
i = n

KA1,Ai
C(2,2) =

�

2d2dS
�n

i 2kz2,Ai
i < n

2d2S2kz2,An
i = n

(34)

i  =1 ∧ j > i

K
Ai,Aj
v =













0 0 0 0 0

0 K
Ai,Aj
v(2,2) −4d2kz2,Aj

0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0













K
Ai,Aj
v(2,2) =

�

4d22
�n

j 2kz2,Aj
j < n.

4d2dS2kz2,An
j = n.

(35)Kvw = diag
[

KP
vw KA1

vw . . . KAi
vw . . . KAn

vw KP
vw

]

(36)

KP
vw =

�

0C diag[KP
WB KP

WB]
�T

0C = 0
8×3

KP
WB =









−2kz1,P 0 2kz1,P · d1,P
0 −2kz1,P · b

2
1,P 0

−2kz1,P 0 −2kz1,P · d1,P
0 −2kz1,P · b

2
1,P 0









(37)

KA1
vw =

�

0C diag[KA1
WB KA1

WB]
�T

KA1
WB =









−2kz1,A1
0 2kz1,A1

· d1,A1

0 −2kz1,A1
· b21,A1

0

−2kz1,A1
0 −2kz1,A1

· d1,A1

0 −2kz1,A1
· b21,A1

0









(38)

i  =1

KAi
vw =

�

0AC KAi
WB

�T

0
A
C = 0

4×2
KAi
WB =









−2kz1,Ai
0 2kz1,Ai

· d1,Ai

0 −2kz1,Ai
· b21,Ai

0

−2kz1,Ai
0 −2kz1,Ai

· d1,Ai

0 −2kz1,Ai
· b21,Ai

0








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In regular trains, the 0C matrix turns to 0
4×3

 in Eq. 37 while KA1
WB reduces to its first 

two rows and columns. Additionally, in Eq. 38 the 0AC matrix turns to 0
2×2

 and KAi
WB is 

also reduced to its first two rows and columns.
Kw matrix is the diagonal matrix described in Eq. 39 for articulated and regular trains.

The damping matrices ( Cv , Cvw , Cw ) present the same structure as the stiffness matri-
ces ( Kv , Kvw , Kw ); hence, they are obtained by substituting kz1 → cz1 and kz2 → cz2 in 
the corresponding expressions.

Finally, the Pv and Pw vectors are presented in Eqs. 40 to 44.

For regular trains, the 6th and 9th terms of PA1
v  in Eq. 42 disappear as well as the 5th 

term of PAi
v  in Eq. 43.
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(39)

Kw = diag
[

KW1
. . . KWi

. . . KWNw

]

, KWi
=

[

2kz1,Wi 0
0 2kz1,Wi · b1,Wi

]

(40)Pv = column
[

PP
v PA1

v . . . PAi
v . . . PAn

v PP
v

]

(41)PP
v =

[

−g ·mC
P 0 0 − g ·mB

P 0 0 − g ·mB
P 0 0

]T

(42)

PA1
v =

[

−g
∑n

i=1m
C
Ai

0 PA1
v(3) − g ·mB

A1
0 0 − g ·mB

A1
0 0

]T

PA1
v(3) =MC

adic,y − g · dS

n
∑

j=2

mC
Aj

(43)

i  =1

PAi
v =

[

0 PAi
v,2 − g ·mB

Ai
0 0

]T

PAi
v,2 =

{

−g · d2m
C
Ai

− g · 2d2
∑n

j=i+1m
C
Aj

i < n

−MC
adic,y − g · dSm

C
An

i = n

(44)Pw = column
[

PW1
. . . PWi

. . . PWNw

]

, PWi
=

[

−g ·mWi 0
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